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Particle physics: uncover the fundamental particles and 
interactions at the smallest distance scales

...

Atom - nm Proton - fm



Smashing protons together
at high energy does not give 
subunits directly - just more 
particles!

Particle physics experiment



Protons and other hadrons are made of quarks interacting 
by the strong force.

Quarks never seen as 
free particles - to study 
them need accurate expt 
and theoretical 
calculations.

QCD is theory of strong 
force - hard to calculate 
because strongly-
coupled and nonlinear - 
needs numerical 
simulation. This is lattice 
QCD.



Standard Model of particle physics has:

6 quarks -

 
6 leptons - 

3 forces (ignore gravity) : strong, weak, electromagnetic
Over 20 parameters, whose origin is some deeper theory 
with New Physics.
QCD is theory of strong force - mirrors QED
Quarks           electrons
color charge RGB          electric charge
gluons              photons  

a ‘zoo’ of hadrons
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BUT QED and QCD behaviour very different:

QED - uncharged photons 
travel freely - easy to get 
free electrons

QCD - gluons carry color 
charge - attempt to separate             
       , force becomes strong at 
large distance and quarks and 
gluons confined.

qq



All info. about quarks indirect -  from ‘colorless’ bound 
states, hadrons. Baryons =          e.g. p,n , mesons = qqq qq
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The Meson Spectrum

cc g cc qq 

bb qq bb g

B,BS

Bc

!, b

Rich spectrum of states - 
masses calculable in QCD 
if we can solve theory.
A lot of states only exist 
briefly but can be seen in 
particle detectors and 
properties determined.

‘Weird things’ not yet 
unambiguously seen. 
Theory can help to find 
them.

mp



Quarks also feel the weak force
Key to understanding CP (matter-antimatter) symmetry 
violation in Standard Model. (New physics?)

BUT quark weak decays 
occur inside hadrons. 
QCD effects are critical - 
must calculate decays of B 
mesons in lattice QCD

Complex couplings 
between quarks of 
different flavor and W. 
3x3 CKM matrix poorly 
known

Vcb

Vud



• Solve QCD  by
numerical evaluation of path 
integral: 

Lattice QCD

a
• Importance sampling - make 
gluon configs - ‘snapshots of 
vacuum’ and propagate quarks 
through them.

Z
dAµdψdψe−SQCD

• ‘Measure’ e.g. hadron correlators on the gluon configs to 
calc. hadron masses and weak decay rates

• make integral finite with a 
space-time lattice



Handling light quarks is a big headache 

For valence quarks, need to calc. 
For sea quarks need to inc.                 
in making gluon configs 

Lq,QCD = ψ(γ ·D+m)ψ≡ ψMψ
M−1

det(M)

Very costly as mq→ 0

Early calcs:
Quenched Approximation - omitted 
sea quarks. This is not good enough 
for precision required. Need to 
unquench with real s and light u/d.



Cost of lattice QCD calc. grows as        
must work with largest spacing possible 
Discretisation errors are a big issue

∂ψ(x j)
∂x

=
ψ(x j+a)−ψ(x j−a)

2a +O(a2)

Derivs become finite differences:

Correct with higher order
difference - but must take 
account of gluon radiation

‘Improvement’  gives much higher accuracy - results with 
sea quarks from ‘improved staggered quark QCD action’ 
-errors a few % at a=0.1 fm

a−6



Life as a lattice QCD theorist

Generate configs - 1-2 Tflopyrs
(QCDOC at Edinburgh)

Large analyses - 0.5-1 Tflopyears
(Fermilab cluster)

Tbytes data

Small analyses and tests - Gflopyrs 
(Glasgow cluster)

People time is 
important too!



Take-home message

• There has been a revolution in the numerical 
simulation of the theory of the strong force 
(lattice QCD) since 2003

• Lattice QCD now delivering results : hadron 
masses that agree with expt; precise 
parameters of QCD; decay rates needed to 
determine the CKM matrix accurately. 



Lattice QCD results
MILC collaboration gluon configurations have:
• 2+1 flavors of sea quarks, down to                    .
• Many           values; 2        values
• 3 values of lattice spacing: 0.18fm, 0.12fm and 0.09fm
• Spatial volume exceeding               so lattice size (2.5 fm)3

QCD has 5 parameters : 4 quark masses and a bare 
coupling. Must fix these using ‘gold-plated’ (i.e. stable) 
hadron masses. FNAL/HPQCD/MILC/UKQCD  analysis 
of MILC configs. Fix:
 

a : Mϒ′ −Mϒ

mu/d :Mπ ms :MK mc :MDs mb :Mϒ

mu/d ms

Calculate other gold-plated hadron masses as test. Results
that follow from this analysis (but not all configs).

mu/d = ms/10

283×96



Quenched results are wrong and ambiguous

Summary of results Results 
including u,d 
and s sea quarks 
agree with 
experiment 
across the board 
-from light to 
heavy hadrons.
Parameters of 
QCD are 
unambiguous

Davies et al, hep-lat/
0304004,
Aubin et al, hep-lat/0407028,
Toussaint+Davies, hep-lat/
0409129,
Gray et al, hep-lat/0507013, 

0.9 1 1.1

LQCD/Exp’t (nf = 0)LQCD/Exp’t (nf = 0)

0.9 1 1.1

LQCD/Exp’t (nf = 3)LQCD/Exp’t (nf = 3)

Υ(1P − 1S)
Υ(3S − 1S)
Υ(2P − 1S)
Υ(1D − 1S)
ψ(1P − 1S)
2MBs −MΥ

2MDs −Mηc

MΞ −MN

MΩ

fK

fπ



Determining Parameters of QCD :

gluons 
‘antiscreen’

sea quarks 
screen charge

g = color charge. Measure with ‘test charge’ 
at distance R.

R

R-dependence from vacuum 
polarization effects

q

q
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αs = g2/4π

In lattice QCD have g in action 
and ‘measure’ a.

2004 Nobel Prize

(in fact a bit harder than this to do accurately ...)



α(5)
MS(MZ) = 0.1170(12)

2004 PDG = 0.1187(20)

Lattice result
with sea 
quarks

nf = 3

nf = 00.2
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HPQCD, Mason et al, hep-lat/0503005 

Lattice QCD result

Quenched result

R



Determining parameters of QCD: mq
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2005 lattice QCD
2004 PDG

HPQCD/MILC,  Aubin et al, hep-lat/0405022; HPQCD, Mason et al, hep-lat/0511160

mproton

Masses are 
parameters in lattice
QCD action - 
determine 
by getting hadrons 
masses right. 
Convert to continuum
mass by (hard) analytic 
calcln. (gives error)

Quarks never free so
cannot measure mass 
directly



Lattice QCD prediction! : mass of Bc meson
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lattice QCD, Feb. 1999
lattice QCD, Nov. 2004
CDF, Dec. 2004

Using NRQCD formalism
for b and FNAL formalism 
for c, calculate splitting 

MBc−
1
2(Mϒ+MJ/ψ)

Result: 

CDF (2005): 6.287(5) GeV
HPQCD/FNAL /UKQCD Allison et al, hep-lat/0411027; CDF, Acosta et al, hep-ex/0505076, Behari here.

MBc = 6.304(20)GeV
Lattice systematic 

errors



Weak decay rates and the CKM matrix

Vud Vus Vub
π→ lν K→ lν B→ πlν

K→ πlν
Vcd Vcs Vcb

D→ lν Ds→ lν B→ Dlν
D→ πlνD→ Klν
Vtd Vts Vtb

〈Bd|Bd〉 〈Bs|Bs〉


Lattice QCD can calculate decay rates for at most one 
‘gold-plated’ hadron in final state. 
Possible for almost every element of CKM matrix. 
* Need multiple cross-checks of lattice calcs in different 
systems e.g.                   etc

W
J = V0, Vi, A0, Ai

B π

Vub

Lattice QCD calc. gives  rate of 
basic weak decay from one 
hadron to another. CKM and 
lepton kinematics outside calc.

ϒ,B,D,ψ



Determination of CKM matrix

Precision (3%) lattice QCD needed

weak decay of quark 
inside a hadron - 
calculate in lattice QCD
expt = CKM x lattice

W
J = V0, Vi, A0, Ai

B π

Vub

unitarity triangle sides



Key results from ‘B factories’ + lattice QCD
B mesons - valence quarks: b + light
Test lattice QCD by predictions for                
D (c + light).

 100  150  200  250  300

fD (MeV)

CLEO-c LP05

FNAL/MILC/HPQCD J=Aµ

B WD

Leptonic decay rate of D from 
CLEO. Convert to        given 

Lattice and CLEO agree but both 
have 8% errors - need to improve!

FNAL/MILC/HPQCD Aubin et al, hep-lat/0506030; CLEO, hep-ex/0508057

fD Vcd



fB = 216(22)MeV

fBs
fB

= 1.20(3)

9% error from 
pert matching

pert. error cancels.
3% from extrap. in 
u/d mass
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Coarse lattice, Full QCD

Fine lattice, Full QCD

Full QCD Staggered ChPT

New determination of fB, fBs

HPQCD, Gray et al, hep-lat/0507015; 

NEW Exptl result for                      from Belle, hep-ex/0605068             Br(B→ τν)

Previous lattice calcs

log dependence on light quark mass 
expected

J=Aµ

B W



Neutral B mesons have fluctuating identity
B/Bs oscillation rate determined by box diagram. Calculate
in lattice QCD as 4-q operator.

B0 B0 =

HW

Parameterise as              
where        is decay 
constant. J=Aµ

B W
f 2BBB

fB

VtdV ∗
tb

fBs/ fB               is now calculated
to 3% .                expected to be 
1, but not yet clear. 

BBs/BB
NEW - measurement by 
CDF of Bs oscillations
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Figure 4: Constraints on the ρ − η plane derived from B meson leptonic decay and BB mixing. The bounds in the left
figure employ clover fermions, those on the right employ staggered.

with some two flavor results used to extrapolate to
the three-flavor theory. The results are compatible
with the staggered results already discussed, but with
larger uncertainties.

The effects of the smaller uncertainties of staggered
fermions were shown by J. Charles at this workshop
[19]. Fig. 4 shows the bounds on the ρ − η plane de-
rived solely from B meson leptonic decay and BB mix-
ing. The bounds in the left figure employ the clover
fermion results just discussed, those on the right em-
ploy the staggered fermion results discussed earlier.

5.2. CKMfitter and UTFit

There are two groups producing widely cited global
fits to CKM data: CKMfitter [20] and UTfit [21].
The groups employ different statistical methods, and
obtain somewhat different results. For example, for
∆ms predicted without incorporating the experimen-
tal BsBs mixing results, UTfit obtains 21.5(2.6) ps−1,
while CKMfitter reports 21.7(5.9

4.2
) ps−1. This is puz-

zling, since one would expect this quantity to be
sensitive mainly to lattice uncertainties, and both
groups take the lattice results of Ref. [18] as the
starting point. One possible difference is that UT-

fit lists fBs

√
B̂Bs

and ξ as inputs, while CKMfitter

lists fB

√
B̂B and ξ. The latter combination contains

highly correlated uncertainties that must be treated
with care. However, a more significant difference
seems to arise from statistical methods and treatments
of combinations of uncertainties, rather than differ-
ences of lattice inputs. These differences remain yet
to be resolved.

6. Outlook

Lattice calculations are playing an essential role in
enabling some of the most important results in the
CKM experimental program. Most of the key lattice
calculations for CKM physics involve single-hadron
processes with hadronically stable meson, which are
among the most solid current lattice calculations. Sig-
nificant issues are currently being worked through, for
example, the best fermion method for phenomeno-
logical calculations, the best way to incorporate lat-
tice results into Standard Model global fits, and the
best way compare theory and experiment in semilep-
tonic decays. Lattice methods are currently in a state
of productive ferment, with several different methods
for unquenched lattice fermions under active investi-
gation by various groups. Lots of progress is being
made in algorithms for these various methods [22].
The computing power being applied to lattice phe-
nomenology is rising exponentially [23]. There are ex-
cellent prospects for further progress in lattice CKM
phenomenology.
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Constraints on CKM unitarity triangle

CKMfitter group, FPCP 2006

Using just B leptonic decay and B/Bs oscillations

Mainly quenched + 
2 flavors heavy sea clover

New 3-flavor imp. stagg
except for quenched BB



B→ πlν Vuband

12% error from lattice
HPQCD. hep-lat/0601021;
FNAL/MILC, hep-lat/040830; 
Belle, hep-ex/0510003

Vub = 4.22(30)(51)×10−3
8% error from expt
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fermions [9] in blue.,

fBs
/fB = 1.20(3)(1), (2)

where the first error is from chiral extrapolation and
statistics and the second is from everything else. This
can be compared with the result that JLQCD found
earlier, chirally extrapolating from a much larger
quark mass: fBs

/fB = 1.13(3)(+13
−2 ). [8]

For fBs
, HPQCD quotes

fBs
= 0.260(7)(26)(9) GeV. (3)

The uncertainties in fBs
/fB and fBs

are relatively
independent of each other, since the uncertainties in
the former are dominated by statistics and chiral ex-
trapolation, while the uncertainties in the latter are
dominated by everything else. fBs

/fB is more inde-
pendent of fBs

than of fB.
D and Ds meson decay constants are also of great

interest because of the improvements to the exper-
imental numbers coming from CLEO-c. The issues
for these calculations are very similar to those for the
B mesons. With staggered fermions and 2 + 1 un-
quenched light quark flavors (that is, degenerate up
and down quarks, and a nondegenerate strange), Fer-
milab/MILC obtain [10]

fD = 201(03)stat(17)sys MeV (4)

fDs
= 249(03)stat(16)sys MeV. (5)

With clover fermions and 2 light flavors, CP-PACS
obtains [5]

fD = 202(12)stat(
+20

−25
)sys MeV (6)

fDs
= 238(11)stat(

+07

−27
)sys MeV. (7)

This may be compared with the recent result from
CLEO-c [11]

fD = 223(17)(3) MeV, (8)

assuming the canonical value of Vud. Alternatively,
the comparison could be used to obtain an indepen-
dent determination of Vud.

3. Semileptonic Decays

The shape of the form factor for the decay D → Klν
was obtained in 2004 by the Fermilab/MILC collab-
oration using unquenched staggered fermions [12]. It
has been confirmed by several experiments with in-
creasing accuracy, most recently by Belle [13] and
BaBar. (See Fig. 2.) CLEO-c is expected to deter-
mine this shape with even greater precision, yielding
an even more stringent test.

Figure 2: The predicted shape of the form factor for
D → Klν has been tested with increasing accuracy by
experiment, most recently by Belle [13].

The decay B → πlν is a measure of Vub, and pro-
vides a measurement of the height of the unitarity
triangle that is competitive with b → u inclusive de-
cays. For B → πlν, the shape of the form factors is
a critical issue, even for extracting the CKM matrix
element. The reason is that the uncertainties in the
form factors are highly q2 dependent for both theory
and experiment. In lattice calculations, predictions
do not yet exist in the high recoil region.

It has long been knows that analyticity and unitar-
ity can be used to constrain the shape of form factors.
Arnesen et al. [16] have recently applied these ideas
to B decay. They show that when the variable q2

is mapped into a well chosen new variable, z, unitar-
ity constrains the coefficients in the z expansion of the
form factors so that only five or six terms suffice to de-
scribe the form factors to 1% accuracy. They propose
to to use various theoretical methods to determine the
coefficients, including lattice QCD.

Becher and Hill have recently pointed out that
heavy quark theory leads to the expectation that
in the heavy quark limit, the coefficients fall as
(ΛQCD/MB)1.5, an even tighter constraints on the
form factors. [14] They argue that this leads to ex-
pectation that only two or three terms are required to
describe the data to high accuracy, and show that the
BaBar data so far conform to this expectaion. (See
Fig. 3.)

This expectation is also confirmed in lattice data re-
analyzed the same way [15]. Therefore, in this expan-
sion, to the accuracy of the present data, comparing
theory and experiment means testing theory against
experiment with the slope, comparing the overall nor-
malizations to obtain Vub, and searching for evidence
of the curvature term.

fpcp06 312

Predict D form factors

W
J = V0, Vi, A0, Ai

B π

VubSemileptonic form factors 

HPQCD form factor gives:



Conclusions
• Accurate Lattice QCD calculations are now maturing. 
Tests of hadron masses and determination of parameters of 
QCD are at the few % level. 

Future 
• 10% errors on decay matrix elements for CKM. 
Beat down errors further and finish B oscillation calc. for 
impact on unitarity triangle.
• Longer term - work on harder calculations e.g. for 
proton structure and unstable particles. 
• Calculations beginning now that use other quark 
formalisms that are numerically more expensive.


